Another Proof of Gluck's Theorem  by Matsuyama, Hiroshi
Journal of Algebra 247, 703–706 (2002)
doi:10.1006/jabr.2001.9026, available online at http://www.idealibrary.com on
Another Proof of Gluck’s Theorem
Hiroshi Matsuyama
Department of Mathematics, Hyogo University of Teacher Education
E-mail: matsuyam@sci.hyogo-u.ac.jp
Communicated by George Glauberman
Received April 10, 2001
dedicated to prof. george glauberman for his 60th birthday
Key Words: Gluck; ﬁnite; permutation; group; partition; regular.
In this article, G is a permutation group on a ﬁnite set . We write
permutations on the right, so that αg is the image of α ∈  by the action
of g ∈ G. A subset S of  is said to be G-regular if the stabilizer g ∈ G 
Sg = S is the identity.
Our purpose is to give a direct short proof of the following theorem by
Gluck [3, Corollary 3.3].
Gluck’s Theorem. Let G be a permutation group of odd order on a
ﬁnite set . Then G has a regular subset in .
In [3, Theorem 1], Gluck proved that a primitive solvable permutation
group has a regular set, except for 12 permutation groups. In his proof,
Wolf’s result on primitive solvable groups [4, Corollary 3.3] plays a role. By
applying the odd order theorem [1, 2], Gluck’s theorem above is an easy
consequence of [3, Theorem 1].
In our proof, we do not need Wolf’s result, but the odd order theorem
is indispensable.
PROOF OF GLUCK’S THEOREM
Suppose to the contrary that there exists a permutation group G of odd
order on a ﬁnite set , such that G does not have a regular set. Among
those counterexamples, we choose one such that  is minimal.
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Claim 1. G is transitive.
Proof. Suppose that G is not transitive. Let i i = 1 2     k be
G-orbits, and let Ni = g ∈ G  αg = α for all α ∈ i. We note that⋂k
i=1Ni = 1 and that i < . If i > 1, then there exists a G/Ni-
regular subset Si of i. Put Si = i if i = 1. Then the stabilizer of
S = ⋃ki=1 Si is contained in
⋂k
i=1Ni. Hence S is G-regular, a contradiction.
This proves the claim.
Claim 2. G is primitive.
Proof. Suppose that G is not primitive. Then there exists blocks i i =
1 2     r, such that 1 < i < ,
 = 1 ∪ 2 ∪ · · · ∪ r
is a disjoint union, and G permutes ˜ = 1 2     r transitively. Let
N be the kernel of the permutation representation of G on ˜. Since ˜ <
G/N has a regular set S˜. We may assume that S˜ = 1 2     s.
Let S = 1 ∪ · · · ∪ s. Then the stabilizer of S is N . Let Ni be the kernel
of the permutation representation of N on i. We note that
⋂r
i=1Ni = 1.
Since 1 < i < , there exists an N/Ni-regular subset Ti of i. Since i
is odd, replacing Ti by i −Ti if necessary, we may assume that Ti > i/2
for i = 1     s, and Tj < j/2 for j = s + 1     r. We put T = T1 ∪
T2 ∪ · · · ∪ Tr . Then the stabilizer M of T must stabilize S; hence we have
that M ⊆ N . It follows that M stabilizes i and Ti, which implies that M ⊆
Ni. Thus we conclude that M ⊆
⋂r
i=1Ni; it follows that M = 1. Therefore
T is a G-regular set, which is a contradiction. This proves the claim.
In the following, we let N be a minimal normal subgroup of G. Since G is
solvable by the odd order theorem, N is an elementary abelian p-group for
some odd prime p. Moreover, as is well known, N is a regular permutation
group on  by virtue of Claim 2. Therefore, for α and β of , there exists
a unique element x ∈ N such that αx = β.
For α ∈  and T ⊆ , we deﬁne
Tα = x ∈ N  αx ∈ T
Clearly Tα is a subset of N and Tα = T .
Claim 3. Tαg = Tgαg for g ∈ G
Proof. If x ∈ Tgαg, then αgx ∈ Tg. It follows that gxg−1 ∈ Tα, which
implies that x ∈ Tαg. Thus we have that Tαg ⊇ Tgαg. Since the
converse inclusion is obtained in a similar way, the claim is proved.
Claim 4. Tαx = x−1Tα for x ∈ N
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Proof. If y ∈ Tαx, then αxy ∈ T . Hence we have that xy ∈ Tα, which
implies that y ∈ x−1Tα. Thus we conclude that Tαx ⊆ x−1Tα. In a similar
way, we obtain that Tαx ⊇ x−1Tα, which proves the claim.
We note that Gα = g ∈ G  αg = α and that G = GαN .
Claim 5. If Tα = Tα−1 and Tg = T for some g ∈ G−Gα, then T  is
a multiple of p.
Proof. Put g = xy for x ∈ Gα and y ∈ N . Since g /∈ Gα, we have that
y = 1. From Claim 3, we obtain
Tαy = Tαxy = Tgαg = Tαg = Tαxy 
On the other hand, we obtain from Claim 4 that Tαy = y−1Tα. Hence we
have that y−1Tα = Tαxy . Consequently we have that Tα = Tαxy. Then,
applying the assumption that Tα = Tα−1, we conclude that Tα = Tαxy−1.
These imply that Tα = Tαy2. Now the order of y2 is an odd prime p; it
follows that p divides Tα = T . This proves the claim.
To obtain a ﬁnal contradiction, we choose an element α ∈  and ﬁx it.
Then Gα is a permutation group on T = − α. And, for each element β
of T , there exists a unique element xβ of Tα = N − 1 such that αxβ = β
and βy = αxβy for y ∈ Gα. Thus, as is well known, we can identify the
action of y ∈ Gα on T with the conjugate action of y on Tα.
On the other hand, since N is of odd order, Tα is a disjoint union of the
pairs x x−1 with x ∈ Tα. We let
 = x x−1  x ∈ Tα
Then Gα acts on  faithfully, because a pair x x−1 is ﬁxed by g ∈ Gα if
and only if both x and x−1 are ﬁxed by g. From  < , Gα has a regular
subset  in . We let
U = ⋃
x x−1∈
x x−1
Obviously, U is a subset of Tα and U = U−1. Let S be a corresponding
subset of T such that Sα = U . We note that Sα = Sα−1. By the assumption
that G has no regular set, there exists a non-identity element g ∈ G such
that Sg = S. Since S is Gα-regular, we have that g ∈ G −Gα. Therefore,
by Claim 5, we conclude that S is a multiple of p.
Alternatively, let S′ = S ∪ α. Then we have that S′α = S′α−1 and that
S′ is Gα-regular. Hence, similarly as in the case of S, we conclude that S′
is a multiple of p. Thus we obtain a contradiction because of S′ = S + 1.
This completes the proof of Gluck’s theorem.
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